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Abstract 

In this article, under very general conditions for one parameter 
holomorphic families of holomorphic maps, for a given parabolic pa¬ 
rameter, we give a transparent proof for landing of (a) parameter ray(s) 
at the parabolic parameter in question. Moreover, we partially answer 
the question of existence of rays in parameter spaces. 


1 Introduction 

We consider the dynamical system obtained by the iterates of holomorphic 
maps. We are interested in nnderstanding the long term behavior of orbits 
of points -seqnences generated by the iterates- in terms of their initial con¬ 
ditions. If the orbit of a point zq nnder a holomorphic map / is hnite, we 
say that zq is pre-periodic. If there exists g G N satisfying /'^(.^o) = then 
Zq is periodic; in particniar, zq is a hxed point if g = 1. Periodic points are 
classihed in terms of their mnltipliers ju(zo) := (f^)'(zo): If |/U.(2:o)| < 1, 
is an attracting, if |/U.(zo)| > 1, is a repelling, and if |/i(^o)| = 1) is an 
indifferent periodic point. We are interested in the case //(^o) = and k 
is a rational nnmber, i.e., zq is a parabolic periodic point. In this case there 
are some neighborhoods where points are attracted to Zq, and some where 
the points are repelled nnder the gth iterate. These are called attracting 
and repelling petals, respectively. The map /'^ is conjngate to translation 
Ti : tc 1-4 tc -f 1, by a pair of nnivalent maps in attracting and repelling 
petals, which are called the Fatou coordinates. 
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The dynamical plane for a homolorphic map / is partitioned into two to¬ 
tally invariant sets with respect to the behavior of the points; the set of 
points with stable behavior, i.e., the domain of normality of the iterates 
{f^}n, and its complement, i.e., the set of points with nonstable behavior. 
These two complementary sets are called the Fatou set, and the Julia set, 
respectively. In order to understand the topology of the Julia set, the main 
strategy is considered to be the study of rays and their landing behaviors. 
Roughly speaking, dynamic rays are unbounded curves in the escaping set 
(i.e., the set of points which escape to inhnity under iteration), formed by 
orbits escaping to inhnity according to some symbolic dynamics. A dynamic 
ray 7 : (—cxo, 00 ) —?■ C for a holomorphic map / is periodic if there exists 
k E N, such that /^(y) C 7 , and in particular, is hxed if A: = 1. We say 7 
lands if limt_^_oo 7 (t) exists. 

Similar to the analysis in the dynamical plane, the study of the parame¬ 
ter spaces can be considered in terms of the study of curves consisting of 
escaping parameters and in terms of their landing behaviors. Those rays 
are called parameter rays. By escaping parameter, we mean a parameter for 
which the singular value (i.e., a point with the property that, at least one of 
the inverse branches of the map is not well-dehned, and not univalent in any 
neighborhood of it) escapes to inhnity along dynamic rays with a prescribed 
(combinatorial) identihcation. We say a parameter ray T : (—cxd, cxd) —)■ C 
lands if limt_^_oo r(t) exists. 

There are two main questions in the study of rays: whether a ray lands, 
or a considered point is a landing point of a ray. In order to distinguish these 
two questions, we use the terms "landing" and "converse landing", respec¬ 
tively. It is of course reasonable to study the existence of curve structure 
hrst, and then to explore landing behaviors. To the question of the existence 
of rays for transcendental entire families, although computer simulations sug¬ 
gest that escaping parameters form curves in the parameter spaces, there is 
no complete answer, except for the exponential family. The hrst study of 
the existence of parameter rays in the exponential family was carried out by 
Devaney and coauthors in [2]. Schleicher worked broadly on combinatorial 
analysis of the exponential family in his habilitation thesis m, and his stu¬ 
dent Forster completed the construction of the parameter rays in his diploma 
thesis [5] with a combinatorial perspective, which then appeared in |5]. How- 
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ever, landing properties of periodic parameter rays in the habilitation thesis 
is still nnpublished. To our knowledge, nothing has been proved for transcen¬ 
dental entire families in a general setting. In this paper, we prove a converse 
landing theorem for curves in the parameter spaces of holomorphic families 
of holomorphic maps. The theorem itself already gives the existence of a 
fixed parameter curve (or a fixed parameter ray piece) in a bounded sector 
which lands at a parabolic parameter. By a hxed parameter curve, we mean 
a curve in the parameter plane, consisting of parameter values, for which the 
singular value is on a hxed dynamic ray with a prescribed (combinatorial) 
identihcation (for simplicity of the notation, we consider hxed rays, which 
we can also apply for the gth iterate of a g-periodic ray). So in some sense, 
this can be considered as a partial answer to the existence problem of the 
parameter rays, particularly in transcendental entire families. 


Our proof relies on having a holomorphic motion in a subset of the escaping 
set. In polynomial dynamics, the required holomorphic motion is already 
guaranteed by the Bottcher’s Theorem, so our theorem applies to all polyno¬ 
mials of degree d> 2. In the transcendental entire case, holomorphic motion 
is related to quasiconformal equivalence. By quasiconformal equivalence of 
maps / and g, it is inferred that there exist a pair of quasiconformal maps 0 
and ip, such that 

0o/ = go0. 


Set for K > 0, 


JkU) ■■= e J{f) : Rer(z) > K for all n > 0}. 

Here we cite a result from [U], which is a consequence of the fact that quasi- 
conformally equivalent maps with bounded singular sets (i.e., of class B) are 
quasi conformally conjugate on their escaping sets. 

Proposition 1.1. Prop 3.6] Let f G B. Suppose M is a finite-dimensional 
complex manifold, with base point Aq- Suppose {/aIagat is a family of entire 
functions quasiconformally equivalent to f, given by the equivalence 


0A o / = /a o 0A, 


where ipxo = 4>Xo = Id, and ipx o.nd fix depend analytically on A. Let N be a 
compact neighborhood of Xq. Then there exists a constant K > 0, such that, 
for every A G iV, there exists an injective function Hx : <JK{f) lT{f\), 
satisfying: 
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i. Hxo = Id, 

a. Hxo f = f\o Hx, and 

in. for fixed z G JK{f ), the map A Hx{z) is analytic on the interior of 

N. 


2 Setup - theorem - idea of the proof 

Consider a one parameter holomorphic family of holomorphic maps {/a}aeD(ao,r-) 
(where ©(oq, r) denotes a disk with radins r and centered at Oq) which has a 
nonpersistent parabolic fixed point Zq for the parameter oq satisfying 

i- /ao(^o) = 1 , and 

ii. ff^{zo) 7 ^ 0 (i.e., nondegenerate). 

Snppose there exists R > 0 , snch that for all a G D(ao, r), fa has exactly one 
singnlar valne s{a) in ©(zq, R) which depends holoniorphically on a. Snppose 
also that the attracting petal of the parabolic hxed point zq contains only 
s(ao) of all singnlar valnes (if there are more). 

Possibly reparametrizing by a map A i—)■ a(A), which is either nnivalent, 
or a degree 2 cover branched above Oq, and changing the coordinate in a 
holomorphically depending way, we can assnme fa takes the form 

fa{X)iz) = (1 + 2X^)z + Z^ -\- ... ( 1 ) 

near 0. Obtaining this form is the snbject of Section [3l 

For a forward invariant cnrve : (—oo, T) —)• C, T G (—oo, oo], t i-G- 7ao(^)) 
we shall snppose it is parametrized snch that for t < T — 1 , /ao(7ao(^)) = 
'jaoi't + !)• In order to avoid confnsion, we call the parameter t of a ray, "the 
potential". 

Main Theorem. Let {fa}a£ 0 {ao,r) be as is stated above. Suppose there 
is a forward invariant curve 'ja^ : (— cxo,T) —)■ C, f i—)■ 7 ao(^) such that 
limt^_oo7aQ(f) = Zq, and that ^ao does not contain any critical points (i.e., 
image of a branch point of fao)- Suppose also that there exists T > 0, 
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r + 1 < T, a neighborhood ro(ao,(5) of Oq, such that 6 = 5{T), 6 < r, 
and an equivariant holomorphic motion H, i.e., 


//;D(ao,5) X7,jT,r) ^ C 

(a,7ao(^)) ^ la{t) 


satisfying 

/a(^(a,7ao(^))) =7a{t+l). 

Then for some to & M. with to + 1 < T, there exists a simple curve T : 
(—oo,to] D(«.o,(5) in the parameter plane, such that for each point a = r(t); 
s(a) = 7a(t). Moreover, 


T(t) —?■ Oo as t —oo. 

The reader unfamiliar with the Fatou coordinates and parabolic implosion is 
recommended to see Section |3] for the notations and the basic concepts we 
use to explain the idea of the proof. 

Suppose 7 ao is a forward invariant curve landing at the parabolic fixed point 
Zq. This curve lands through the repelling petal hi". Under the outgoing 
Fatou coordinate 4>~^, 'jao Fl maps to a 1-periodic curve, which extends 
1-periodically to —oo and +oo, say jao- We take a parameter a nearby, for 
which the holomorphic motion H{a,'yao[t\T)) = 'ya[t',T) and the Douady- 
Fatou coordinates 0^ are well dehned. The curve 7 a[^^T) fl U” maps to 
a 1-periodic curve under the outgoing Douady-Fatou coordinate 0“ which 
extends 1-periodically to —oo and -|-oo, say 7 a. The 1-periodicity of the 
curves and % transfers the relationship coming from the continuity to 
small potentials. After change of parameters and suitable normalizations, 
we compare 7 a(t) and 00 |(s(a)) and see that, there exists a "central" sector 
with corner point at oq, such that given sufficiently small potential to, for all 
t < to, there is a unique parameter a' in this sector, which satishes 

s(a) = 7a'(t), 

applying Rouche’s Theorem. What we mean by central sector is going to be 
explained in Section [ 6 l 
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This relation induces a map T which assigns a unique parameter a' to poten¬ 
tial t < tf). We parametrize T so that, when s(a') = we write a' = T{t). 

By using a continuity argument, we show that T defines a curve. Moreover 
our construction shows as t ^ —oo, r{t) —)■ oq. 

Here we want to emphasize that, for changing parameter values a, the parabolic 
fixed point Zq must have a neighborhood, say a disk ©(zqj where the only 
singular value is s{a). Moreover, the attracting petal must have exactly one 
singular value. Otherwise, the orbit of another singular value may interfere. 
We require holomorphic dependence of the singular value s{a) as a function 
of the parameter for the application of Rouche’s Theorem. 

Let us give the structure of this article. The proof of Main Theorem re¬ 
quires changing parameters twice. The first one is the subject of the next 
section, where we obtain the form given by ([T]). Then we show the existence 
of sectors in the parameter plane, where the multiplier of the fixed point 0 
is univalent. In Section 0] we recall the Fatou coordinates and the parabolic 
implosion phenomenon, and introduce some notations. In Section 0] we per¬ 
form another change of parameters using the Douady-Fatou coordinates. In 
Section El we collect all the information and prove Main Theorem. The 
last section is devoted to applying Main Theorem to transcendental entire 
families. 
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3 Reparametrization-I 

Consider a one parameter holomorphic family of holomorphic maps { /„ } aee(ao ,r), 
which has a nondegenerate parabolic fixed point at Zq with multiplier 1 for 
the parameter oq. When the map fa^ is perturbed to fa nearby, if zq is not 
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a persistent parabolic fixed point, it bifurcates into two distinct fixed points, 
say Zi{a) and Z 2 {a). Since the family {/a}ae»(ao,r) depends holomorphically 
on the parameter, the multipliers of these two fixed points depend holonior- 
phically on the parameter. In this section, we follow one of the fixed points 
as a function of the parameter. We shall show that, there exists a sector 
in the parameter plane, on which the multiplier of that fixed point depends 
univalently on the parameter. This result is stated in Proposition 13.21 To 
start with, we change the coordinate in the dynamical plane, so that we have 
a simpler form to deal with. 

Lemma 3.1. Let {fa}a£ 0 (ao,r) be a one parameter holomorphic family of 
holomorphie maps, whieh has a nondegenerate parabolic fixed point at Zq with 
multiplier 1 for the parameter oq. Suppose D(zo, R) is a Euclidian disk in the 
dynamical plane for fa^, such that fa^ has only zq as fixed point in D(zo, R). 
Then, there exists r' >0, (r' <r) such that for all a in D(ao,r'), fa has two 
fixed points in D(2;o, R), counted with multiplicity. 

Proof. Since fag has a nondegenerate parabolic fixed point at zq, the multi¬ 
plicity of Zq is 2 . Let S ;= mi\z-zo\=R\fao{.z) — z\. Since fa depends contin¬ 
uously on the parameter, there exists r' > 0 such that for all a G D(ao, r') 
and for all 2 ; such that \z — Zq\ = R, 

\fa{z) - fao{z)\ < d. 

By Rouche’s Theorem, faoi^) ~ ^ and fa{z) — z have the same number of 
zeroes in I}{zq,R), counted with multiplicity. Hence fa has two zeroes in 
D(zo,-R), counted with multiplicity. 

□ 

Lemma l3.ll gives the existence of two fixed points, Zi{a) and Z 2 {a), with 
the possibility that they are equal. Possibly taking r' < r, and assuming 
Zq is nonpersistent, we can suppose that Zi{a) 7 ^ ^ 2 ( 0 ) in ID>(0,r'). Let us 
concentrate on one of the fixed points, say Zi{a) and its multiplier /ii(a). 
Proposition 3.2. Let {/a}ae»(ao,r) be a one parameter holomorphic family 
of holomorphic maps, which has a nondegenerate parabolic fixed point at Zq 
with multiplier 1 for the parameter oq. If Zq is not a persistent parabolic fixed 
point, there exists an open sector A in the parameter plane with corner point 
at ao, such that the multiplier map pi : A —)■ C 0 / the fixed point Zi{a) is 
univalent. 
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The proof requires change of coordinates both in the parameter plane and in 
the dynamical plane. First observe the following; 

Lemma 3.3. Let {zi{a), Z 2 {a)} be the set of fixed points of fa inI]){zQ,R) as 
was given in Lemma \3.1[ There exists an affine change of coordinate in the 
dynamical plane, which depends holomorphically on the parameter such that 
the corresponding fixed points are symmetric with respect to 0. 


Proof. Define §(zo,-R) := d3{zo,R). The sum of the fixed points Zi{a) and 
Z 2 {a) is the holomorphic function, given by 


a 1-4 cr(a) 


j_r w( f {w) - 1) ^^ 

27r« Jsizo,R) fa{w) - W 


The linear map Ma{z) = z — |cr(a) conjugates fa to the holomorphic map 
which has two symmetric fixed points with respect to 0. □ 


After the affine change of coordinate given in Lemma 13.31 let us denote 
by z{a) and —z{a), the symmetric fixed points with respect to 0, which 
correspond to zfia) and Z2(a). It is possible to find a local expression for 
them. This is given by the following lemma. 

Lemma 3.4. Consider a map which has two symmetric fixed points ±z{a), as 
given by Lemma \3.3[ Taking a covering of degree at most 2 in the parameter 
plane, the fixed points are holomorphic functions of the parameter of the form: 

a 1-4 ±z(a) = ±(a — Oo)" + O ^(a — j . (2) 

Proof. Possibly reducing r', we may follow the fixed point z{a) analytically 
along any path in D*(ao,r'). Consider a simple closed curve 7 : [0,1] —)■ C 
around oq in ©*(00,?"') in the parameter plane. For the parameters 7(0) 
and 7(1), we observe two different situations in the corresponding dynamical 
planes. Either 

i. the locations of the fixed points z{a) and —z(a) are the same for 7(0) 
and 7(1), or, 

ii. they have interchanged their locations. 

In case i., z(a) is a holomorphic function of a G D*(ao,r’) of local degree 
n > 1. Then ([2]) is obtained after scaling. In case ii., we consider a branched 








covering map of degree 2 from a domain to D(ao, r) in the parameter plane 
(eg., b H- a{b) = Qq + 6^), 

C, 

b (-^ ^{b) = a, ^(6o) = Oq. 

Hence the map b z{^{b)) is a branched covering of degree n > 1. In this 
new paramerization we are back in i. So, the hxed points have the form: 

6^ ±(6-6or + 0((&-6or+'), 


after scaling. □ 

In the following lemma, we hnd the mnltiplier p(a) of the hxed point z{a) 
given in (j2|). 

Lemma 3.5. Possibly changing the coordinate in the parameter plane, the 
multiplier of the fixed point z(a) can be given by 

A ^ Pa := 1 + 2A’". (3) 

Proof. After the change of coordinates given in Lemma fa can be written 
as 

fa{z) = z + {z'^ - z{af)haiz) 

near 0, where ha : D(2;o,.R) —t C is a nonvanishing holomorphic map. The 
multiplier p at z{a) is equal to 

p(a) = 1 + 2z{a)ha{z{a)). 

Substituting z{a) = (a — oo)” + 0{{a — (by Lemma 13^ . we have 

p(a) = 1 + 2(a - ao)"‘F{a), 

where F is a holomorphic map, with F(ao) 7^ 0. Hence F has a well dehned 
nth root around oq. So we can write 


a(o) = l + 2(a-a„)”((F(a))'/")” 

= l + 2((o-o„)(F(a))‘/”)” (4) 
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We define A(a) := (a — ao)(-F(a))^/"'. Since F{ao) ^ 0, then A'(ao) 7 ^ 0, 
and hence there exists a neighborhood of oq, where the map a ^ A (a) is 
univalent. Thus we can consider A as a new parameter. Rewriting (jl]) in the 
new parameter, the multiplier map /i(a) of z{a) is written as A 1 —)■ 1 + 2A"'. □ 

Now, it is easy to see that by an affine change of coordinate in the dynamical 
plane, the fixed point z{a) translates to the origin, and we obtain the form 
given by ([T]). With this result, we are ready to prove Proposition 13.21 

of Proposition \3.2i In the form ([1]), let us denote the multiplier map of 0 by 
fix, which is of the form ([3]) given in Lemma [3.51 In the A-parameter plane, 
consider the restriction of the domain of the multiplier map fix to a sector 

A = {A, 21161 < arg(A) < 21162 , 61 , 62 E (0,1)}. (5) 

Then arg(/iA — 1) G { 2 nir 6 i, 2 nii 62 ). Provided that 12(62 — 61 ) < 1, fix is a 
univalent map in A. □ 


4 Fatou coordinates and parabolic implosion 

Here we give a summary of the phenomenon of the Fatou coordinates and 
the parabolic implosion, mostly out of 0.0 and na. 

Consider the holomorphic map fag, which has a parabolic fixed point at 
z = 0 , with 

i' /ac,(0) = 1. “id 

ii. C(0) # 0- 

Under these assumptions, the map fa^ can be written as 

/ao(^) = Z + z"^ + ... 

near 0. The parabolic fixed point 0 is on the boundary of its immediate 
parabolic basin. Using I(z) := define 

/ao(^) ■= ^ ° fao ° I ^(z) = z + 1 -h 0{ — ), a* G C. (6) 
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The map f*^ can be seen as an approximation to the translation z z + 1. 
Because of this, I is often called a pre-Fatou coordinate. Set for large L > 0 

:= G C; Rez < —L + | Imz|} and 
:= {2; G C; Re^; > L — | Im2;|}. 

so that on U 17+, the map f*^ is injective, and satisfies 

/ao(^+) C 17+ U {cx)} and 17_ C /;,(17_ U {00}). 

Attracting and repelling petals are defined by 17"'" := J”^(17+) and 17“ : = 
/“^(17_), respectively. The union 17“ U 17’'' U {0} is simply connected. 
Theorem 4.1. (Existence of the Fatou coordinates) There exists injective 
holomorphic mappings, (jrf : 17_ C and : 17+ —)■ C, satisfying 

</>-(/ao(^)) = + 1 and (j)'(f{f*,{z)) = (j)')f{z) + 1. 


Moreover, 

i. (fdf and cfTf are unique up to addition of constants. 

If /ao then 

(t)°^{z) = z — a* log z-\-c± + o{l), c+,c_gC (7) 


as z 00 . 

For the proof of Theorem 14.11 see for example, |12[ Prop 2.2.1]. 

Definition 4.2. We define the incoming Fatou coordinate by 

0+ :=0“«oJ;17+^C, 

and the outgoing Fatou coordinate by 

0- :=0!«oJ;17“^C. 

In the dynamical plane for fa^, we observe croissant shaped fundamental 
domains P+, and P0], each of which is bounded by a pair of curves meeting 
at 0, where one curve maps to the other under fa^ (see Figured]). These 
fundamental domains may overlap around 0. 


11 




Figure 1: Fatou Coordinates. 


Remark 4.3. The incoming Fatou coordinate is univalent in hi’'', and 
the outgoing Fatou coordinate (j)~^ is univalent in hi”. Let us dehne := 
(0 +and := {4>ao)~^- using the dynamics, extends to the whole 

parabolic basin, and extends to the whole complex plane. However, these 
extensions are not univalent anymore because of the presence of singular 
value (s). 

Definition 4.4. Let hi’'' and hi” be the attracting and repelling petals, such 
that n hi” 7^ 0. Suppose and are the connected components of 
nfi-. We call the domains = Uez/ao(^ao) and 
the upper and the lower sepal, respectively. 

Definition 4.5. Let and be upper and lower sepals, and let := 
i^ao)~HSao) and hF“/ := </>+(F“/). We denote the restriction of </>+ o to 
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yu 

ao 


by 


TTU 

^ao 


yu yru 
^ ao ^ ao ’ 


and the restriction of 0+ o -0 


ao to Ko 


by 


ao • ao ^ ao * 

The maps and are called the upper and the lower lifted Horn map, 
respectively. 

By construction 

Hfi oT, = T,o 

Since the Fatou coordinates are uniquely defined up to translation, the lifted 
Horn maps are uniquely defined up to pre and post composition by transla¬ 
tions. Indeed, suppose the pairs and are Fatou coordinates of the same 
map. Then, there exist constants c, /c G C, and translations Tc z z + c, 
and Tk z ^ z + k, such that 0“ = T^o 0“ , and 0+ = o 0+. Define 

V'ao (0ao)~^- The corresponding lifted Horn maps o and 

= K ° K satisfy 

= Tfc o 0+ o (Tc o 0-J-^ 

= TfeO0 +O^-oT_e 

= T, O O T_,. (8) 

With this property, we are free to choose normalizations of such that the 
upper lifted Horn map is of the form 


Hliz) = z + oiz^). 


(9) 


In this case the lower lifted Horn map is given by 


^ao(^) = ^ - 27rm* oiz"^), 

(see, for example [3], or j71 Chpt 4], for formal invariant). We shall work 
with the normalized form ([9]). 


We are interested in perturbations of the map faQ'.z^z + z'^ + 0{z^) to 
a map fa nearby. In the nondegenerate case, in general, the parabolic fixed 
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point bifurcates into two fixed points, each of which has multiplier close to 1. 
These hxed points can be attracting, repelling, or indifferent. We are going 
to consider the bifurcation, where the multipliers of the fixed points are not 
real. In such bifurcations, the fundamental domains continue to exist and 
the boundary curves of each fundamental domain meet at the two distinct 
hxed points. We denote the fundamental domains for fa by and P~. A 
gate opens between these two hxed points, and any point in passes under 
the dynamics through the gate and eventually enters P~. However, it needs 
a very large number of iterates to pass from P+ to P~. This is referred to 
as "egg beater" dynamics (see Figure [2]). More precisely: 

Theorem 4.6. (Existence of Douady-Patou coodinates fTR Prop 3.2.2]) Con¬ 
sider the holomorphic family of holomorphic maps {fa}aeo(aQ,r), such that 

fao{z) = z + + ... 

near 0. There exists an open sector A in the parameter plane with corner 
point ao, such that for all a G A, there exists a pair of conformal maps (j)f 
and (fa, which conjugate the dynamics to the translation z ^ z -\- 1. After a 
suitable normalization, (ff and(j)~ depend holomorphically on a (continuously 
on a on IS.). Moreover, the difference 4>f{z) — 4>f{z) is constant for fixed 
parameter a. 

Let us explain Theorem 14.61 with the results we have got so far. When we 
consider the form given by ([T]), one of the hxed points stays put at 0 under the 
perturbation. Its multiplier pA = 1 + 2A” for some n G N is given in Lemma 
13.51 Suppose for example, fix satishes | arg(/iA — 1)| < |. Then Theorem 14.61 
implies that (f)f =1 on compact sets in the petals We call (ff and 
the incoming and the outgoing Douady-Fatou coordinates, respectively. The 
lifted Horn maps are dehned in the same way as in the parabolic situation, 
and we denote them by PTf and Note that P“ =1 on compact sets 
in some upper half plane, and the domain of convergence can be extended to 
Im^; —)■ +00. Similarly on compact sets in some lower half plane, 

and the domain of convergence can be extended to Im^; —)■ — cxo. 
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Figure 2: Bifurcation of the parabolic fixed point. 

5 Reparametrization-II 


Recall that by Theorem 14.61 the difference 0^ {z) — 0^ {z) is constant for each 
fixed parameter. Define 

Bia) := <p- - ( 10 ) 


Observe that Rei?(a) < 0. Since after suitable normalizations, and 0“ 
depend holomorphically on the parameter on some open sector, B is also 
holomorphic on the same sector. In this section, our aim is to show that the 
sector can be chosen so that a B{a) is univalent. More precisely, we will 
prove the following. 

Theorem 5.1. Under the hypothesis of Theorem \4.(^ and after suitable nor¬ 
malizations of (p'f;, there exists an open sector A, such that the map R : A —)■ 
C given by [JU) is univalent with respect to the parameter a. 


The strategy we are going to use is to relate B with the multiplier map fix 
given by ([3]) in Lemma 13.51 We will present a general case in Subsections 
15.1115.21 and 15.31 The relationship between B and fix is given in Proposition 
15.51 as a consequence. 
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5.1 Constructing a Riemann surface 


Consider a map H which is defined in some simply connected domain T-L 
containing an npper half plane snch that 

H{z) = z + (3 + o{l) as Imz ^ oo 

with Re /9 < 0. By taking a snbset of Ti, we will constrnct a Riemann snrface 
with the iterates of H the transition maps. 


Take a domain M. := {z; Im^ > m} snch that M. <Z l-i. We assnme 
that for all G At 

|i/(z) — z —/3| <-^ and (11) 

( 12 ) 

One can see that H is nnivalent in At by ffTTj) . 


Take Zq = Xq + iy^ G At snch that H{zq) G At. Set 


70 := 

71 := 

72 := 


[z] Rez = Xo, Imz G [|/o,oo)}, 

Re(2: — Zq) \m{z — Zq) 

Re{H{zo) - Zq) 

Hilo). 


Im(il(zo) - Zq) ’ 


ReHizo) < Rez < Rezo}, 


snch that 7o O 72 = 0, 7i O 72 = 0. Here 71 is the line segment connecting 
Zq to Hizo). Denote by S, the region in At which is bonnded by the cnrve 
7o U 7i U 72. Notice that the iterates of a point in At nnder H have at most 
one point in S. 

Claim 5.2. For all z G "H, | arg | < 


Proof. In Fignre [31 it is shown that | arg ^ \ takes its maximnm at the 

argnments of the angles BOA and EOB. We nse the principle that for 
ll — ^ — I triangle, the height to the hypotennse is a qnarter of the length of 
the hypotennse. We compare the triangle BOA with a ff ~ ^ ~ f triangle. 
By hypothesis, we have \AB\ = Since \AD\ < \AB\, \AD\ < and 
hence arg(ROA) < 

□ 
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Figure 3: ^ -plane. 


Notice that since Re/3 < 0, | < arg/3 < By the observation above, 
I aig{H{z) -z)- arg/3| < i.e., 

+ arg/3 < &ig{H{z) “ ^) < ^ + 

Consequently 


TT TT 

-TT - — + arg^ < arg( 2 ; - H{z)) < + Y 2 

Set 6^1 ;= max{0, —vr + + arg/3}, and 6*2 := min{ 7 r, —^ + arg/3}. Let /i, I 2 

be the half lines parametrized by [ 0 , cxo), given as 

li{t) := + 

^ 2 (^) •= H(zq). 

Then the complex plane is separated into two unbounded regions, say TZ 
and 7?.^, by the curve /i U 71 U / 2 . We denote the one containing S by 
TZ (see Figure 0]). Note that for all points z E TZ ii H'^{z) E TZ, then 
H(z), {z),..., H"'~^ {z) are also in TZ. Define an equivalence relation '^h 
in TZ, by defining z '^h w if and only if there exists n G M such that either 
^ 01 w = H'^{z). 
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Figure 4: IZ is the region bounded by the curve /i U 71 U /2 in 


Let C denote the quotient space 7^/ and tt : TZ ^ C denote the natural 
projection. We equip C with the quotient topology. The quotient topol¬ 
ogy is Hausdorff. In order to see that, it is enough to consider two repre¬ 
sentatives Wi and W 2 in S of the eqnivalence classes [tci] and [w 2 \. Take 
e neighborhoods ©(tci, e), D(t(; 2 , e),3{H{wi), e),3{H{w2), 

'D{H~^{w 2 ), e), and 

choose e small enough so that they are all disjoint. Since H is well dehned, 

n H-^{]n){w 2 ,e)) = 0 for u e M. 

Moreover, iL”(D(tci, e)) D H'^{]D){w 2 ,€)) = 0 for n G N since H is univalent 
(see flT^ j. This shows C is a Hausdorff space. 

We equip C with the unique complex structure. Then C is naturally a Rie- 
mann surface. Note that C is isomorphic to a punctured disk, since it has 
only one puncture which is at 00 . In particular C is isomorphic to D* (this is 
explained in Subsection 15.3p . We would like to point out that this construc¬ 
tion does not give a maximal Riemann surface one can obtain out of "H, but 
it is sufficient to serve our needs. 

Let (T : C —?■ C* be an isomorphism onto its image with cr o 7r(.s) ^ 0 as 
Im^; ^ 00 . Suppose H commutes with the translation Ti[z) = z + 1, i.e.. 
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H oTi = Ti o H. Then the translation Ti induces a univalent map 
^ : D*(0,r) ^ C*, for some 0 < r < 1, 
with the property that 

^ 0 (T 07 r = (T 07 roTi on (a o 7 r)“^(D*( 0 , r)). 

By the Removable Singularity Theorem, ^ extends to 0 with ,^(0) = 0 and 

5 '( 0 ) / 0 . 

As a summary, for a given map H which is defined in a simply connected 
domain containing an upper half plane such that H[z) = z + + o(l) as 

Im^; —)■ cxo, with Re/? < 0 , and which commutes with Ti[z) = 2 ; + 1 , we for¬ 
malize the process of obtaining ^ by the 6 -tuple elements of the construction 

(zo,7^,7^,C,a,0• 

In the next subsection we will show that the multiplier .^'(0) is independent 
of the construction. 

5.2 Independence of the multiplier 

Lemma 5.3. Consider the by Ti induced maps 

: D(0,ri) —)■ C* and ^2 : D( 0 ,r 2 ) —)■ C* 

of the respective constructions (zi, T^i, tti, Ci, ai, ^ 1 ) and {z 2 , 7^2,7r2, C 2 , <72, ^ 2 )- 
There exists a neighborhood r), r < ri where the map conjugates 

fi to 6- 

Proof. Suppose 7 I 2 C TZi. Then 7 ri| 7^2 = ^ 2 , so C 2 is naturally a subcylinder, 
i.e., C2 C Cl- So the isomorphisms satisfy a2 = o'i\c2- Therefore, ^2 is actually 
a restriction of ,^ 1 , i.e., ^2 = 6 |B(o,r 2 )- 


Now suppose TZi\ 1 Z 2 7^ 0 and lZ2\R-i 7^ 0 . Then there always exists a 
construction (2:3, 7^3, tts, C3, <73, (^3) such that 7^3 C (T^i fl 7^2)- The restric¬ 
tions = ^^2^3 = ^3 determine the cylinder C3. Via the isomorphisms 

<73 = CTiIca s-iicl 53 = o'2\c3 translation Ti induces univalent maps .^3 := 
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6|D(o,r3) : D(0,r3) C* and ^3 := 6 |d(o,F 3) ^ D(0,r3) C*. Define a con¬ 

formal isomorphism 0 := ^3 o : D(0,r3) — )■ D(0,r3). We show that 0 
conjugates ^3 to ^3. Indeed, 


6 o 0(0-3 o 7r3) 


^300-30 7 r 3 
0-3 o 7r3 o Ti 
0 o 0-3 o 7r3 o Ti 
00^3(0-3 0713). 


Writing 0-3 o 773 ( 2 ;) = w, we see that 0 is a conjugacy. Recall that ^3 is the 
restriction of ^ 1 , and ^3 is the restriction of ^ 2 - So we have proved that 
and ^2 are conformally conjugate in a neighborhood of 0 , and the conjugating 

map is 0 = cr 2 |in)(o,f 3 ) o ^o-i|D(o,r- 3 ) j 

□ 

With this result, we conclude that the multiplier at 0 of the by Ti induced 
map does not depend on the choice of the construction. In the next subsec¬ 
tion, we will find that multiplier. 

5.3 Finding the multiplier 

Theorem 5.4. For any given construction (zo,7Z,7r,C,a,^), ^(z) = fiz + 
o{z ) near 0, where p = e p . 

Proof. Recall the choice Re0 < 0. For simplicity, we assume Re0 < —1. Set 
/i := .^'(0). Suppose Im/3 7 ^ 0. Then by Schwarz Lemma, \fi\ 7 ^ 1, and ^ can 
be expressed as 

^{z) = fiz + o{z‘^) around 0 . 

Since |p| 7 ^ 1, there exists a linearizing coordinate $ satisfying ^ o <|> = 

For any A G log /i, by z i-G- we lift the dynamics z ^ jaz on C* to 
z ^ z + 1 on C with the Deck transformation 

27ii 

T 27ri (z) := z -—. 

^ ^ A 
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Since $ o a o vr is holomorphic, IZ is simply connected and ^ i—)■ is a 

holomorphic covering map, there exists a holomorphic lift 

X ; 7^ —)■ C, 

such that the following diagram commutes (see Theorem ?? for the existence 
of such lifts). 

C 


Now, we will choose A, so that x satishes the following properties: 



i- X°Ti = Tiox, and 

StT'X 

ii. Y o H = T 2-Ki o X, where T 2ni (z) := z -—. 

W A“ ' ^ \ 

Take wq E 71 such that wi := Ti{wo) G TZ. Take a simple curve 7 G 7 ^ which 
joins Wo to Wi- Under $ o a o vr, 7 maps to the curve 7 := $ o a o 7r(7) which 
joins the points Wq ■= <hocro 7 r(tco) and Wi := <ho(T0 7r(tCi), where Wi = hwq. 


We lift 7 by z H-)■ to the curve 7, and denote the endpoints by wq and 

wi- Dehne 

A := -uii — Wo- ( 13 ) 

Here A is a holomorphic function of Wo- Moreover observe that 


gA _ ^w\-wo 



gSo 


Wo 


/i. 


SO that A is a logarithm of /i. This means it takes values in a discrete set. 
Therefore, A is constant. 


The linear map z ^ Xz conjugates Ti to 2; i-G- 2; + A in C. It can be seen by 
dehning 7* := ^7 with endpoints Wq and wl- Observe that tcj' = Wq + 1 , by 
construction. Hence we have seen that, with the choice of A given by ffT 3 |) . 
i. is satished. 


Now we will show that ii. is satished with this choice of A. With the same 
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approach, take a curve T connecting zq E 71 to zi := H{zq) G TZ. Under 
$ o (T o TT, r maps to a closed curve F. By 2 ; i—)■ e^, F lifts to F with endpoints 
So and Si, satisfying Si — So = —2'Ki (since Re/3 < 0). The linear map lifts F 
to F* := ^F with endpoints satisfying z^ = Zq — Hence, we have shown 
ii. is satisfied. 


Observe that by i., y extends to a 1-periodic region in an upper half plane, 
and y must be of the form; 


Then, we have 


z ^ z + a + 0 ( 1 ), for some a G C. 
X° H = z + (3 + a + 0 ( 1 ), and 


(14) 


T_ 22 h o x{z) = z - - -ha + o(l). (15) 

A lOg/i 

By ii., (ITT)) and (fT5|) are equal. Therefore, we obtain f3 = 

Note that we have obtained this identity assuming Im /3 7 ^ 0. We will show 
that this holds also for \m.f3 = 0, by analytic continuation. In order to use 
an analytic continuation argument, we need to show that the multiplier p is 
actually a holomorphic function of (3. With this information, since /i coin- 

_ 2-Ki _ 2'Ki 

cides with e ^ except for Im/3 = 0 , we conclude that p = e ^ everywhere. 
To this end, the theory of quasiconformal mappings can be invoked. We will 
use a similar approach as in [T21 Prop 2.5.2 (ii)]. Set Si[z) := The map 
conjugates H on M. to G{z) := z + l -|-o(l). In particular, maps fun¬ 
damental domains for H to fundamental domains for G. Set 7Z := SiiTZ). 
For all tc G 7^ 

\G{w) — tc — 1| < -. (16) 

Indeed, for Si{z) = w, = G{w). Then 

G{w) — w — 1 = G{w) — ^ — 1 

/3 P 

= ^i.H{z) - z-(3). 
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Hence \G{w) — w — 1| = — z — (3)\ < \ hy ffTTl) . Moreover, it is easy 

to see that for all ta G 7^ 

using the identity H'{z) = G'{w) in f[T2|) . 


Since H oTi = Tio H, G commutes with the translation by Ti{z) := z + 
i.e., GoTi = Ti oG. ^ 


We may take zq = xq + yo ■= S^{zo), where Zq is given in the construc¬ 
tion {zo,7l,7i,C,a,^) as was explained in Subsection 15.11 Set 


70 : 

71 : 

72 : 


= 


{z] Re z = xo, 
Re( 2 ; — 


Re(G(zo) 

G(7o). 


Imz e [^o,oo)}, 

2o) Im(2: - Zq) 

- Zo) Im(G(£o) - %) ’ 


Rezo < Rez < ReG(zo)}, 


Then the region in TZ bounded by the curve 70 U 71 U % is a fundamental 
domain, say for G. Dehne 


h^{x -f iy') = (1 — x){zq + iy) -|- xG{zo + iy) for 0 < a: < 1 , y > 0 . 


Observe that hp maps iM"*" to 70 and the half strip {z : 0<a:<l, 2 /> 0 } 
to T. Since G depends holomorphically on /3, so does Now observe the 
following inequalities: 


, dhfj 
' dz 


l,dhi3 .dhi3, 

2 ' dx ^ dy ' 

= ^\G{zo 4- iy) - (To + iy + l)- x{G\xo + iy) - 1)| 


(17) 


dh/3 

dz 



< 


11 dhp _ .8^ _ 

2 ' dx ^ dy ' 

^|G(To -4 iy) - (To + iy + l)+ x{G'{xq + iy) - 1)| 

11 11 

2 M 4'^ 4‘ 


(18) 
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By ([IT]) and ([IB]) 

i. If 1 < \dhfildz\ < 

1 ,dh^/dz, 1 
5 ^ ' dhjB/dz ' ^ 4 

ii. if I < \dhp/dz\ < 1, 

1 ,dhi3/dz, 1 
4 ^ ' dhjs/dz ' ^ 3 

T -1 /• \ 1 I dh/s/dz. 1 

in either case (i. or ii.j, we have 

ohj^/oz 3 

Let (Jo denote the standard complex strnctnre of C. We obtain an almost 
complex strnctnre by 

• pnlling back ao nnder hp (i.e., = h^(Jo) on the half strip {z\ 1 > 

Rez > 0, Imz > 0}, and extending 1-periodically to the npper half 
plane, (i.e., ajs = (TT)*(j^, n e M, Ti{z) = z + 1), and 

• assigning ao elsewhere (i.e., on {z; Imz < 0}U{z; Rez e Z, Imz G M). 

By constrnction, (j^ depends holomorphically on f3. By the Integrability 
Theorem, there exists a nniqne qnasiconformal mapping 

: C —C snch that 0^(Jo = crp, 

which is normalized so that 


0/3(0) = 0, (/)^(1) = 1, 0/3(oo) = CX). (19) 

Moreover depends holomorphically on /3, since (j^ depends holomorphi¬ 
cally on jS. The map <I>^ := 0^ o Ti o 0“^ preserves the standard complex 
strnctnre (i.e., $^(Jo = cq). So is a conformal map of C, that is, an affine 

map. Furthermore, has no fixed points in C since Ti has no fixed points 

in C. Therefore is a translation map, say <I>/ 3 (z) = z -f o;, a G C. Using 

flT^ . we have $^(0) = 1, and obtain a; = 1, that is, = Ti. 
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Now define '0/3 = 0/3 ° ^ on ^■ We extend 0^ to 7?. by 

0/3(G(2)) = + 1. 

We will show that '0/3 is conformal in Ti with respect to 2 ;. Observe that 
2 ; I—)■ 0 / 3 ( 2 ) is 

• well-dehned, since for each z &TZ, there exists a unique representative 

• homeomorphism, since it is the composition of two quasiconformal 
maps, and 

• analytic possibly except on G"'( 7 i) 0 TZ for n G Z. 

By Morera’s Theorem 2 1 —)■ 0 / 3 ( 2 ) is holomorphic near 71 , hence conformal in 
R. 


Now we will show that (3 e-)■ 0 / 3 ( 2 ) is holomorphic. For 0/3 o h/ 3 ( 2 ) = 0 / 3 , 
observe the following: 


0/3(^) - 0/3o(^) ^ 0/3 oh/3( 2 ) -0/3o oh/3o(2) 

0 — 00 0 — 00 

0/3 oh/3 ( 2 ) -0/3oh/3o(2) 0/3oh/3o(2) -0/3^ oh/3o(2) 

0—00 0-00 


Taking the limit of both sides as 0 —>■ 0o, 




0/3(^) -0/3o(^) 

/3^/3o 0-00 

0/3 oh/3 ( 2 ) -0/3oh/3o(2) ^ 0/3 o h/3o(2) - 0/3o o h/3o(2) 

/3^/3o 0-00 /3^/3o 0-00 


Since 


0/3oh/3(^) -0/3oh/3o(2) 
/3^/3o 0-00 


0^(h/3o(2^)) 


<9h/3(2) 

90 


/9=/3o 


=: A 


2 , 


hm/ 3 ^/ 3 g exists (and equal to Ai — ^ 2 ). In other words, 0/3 

is holomorphic with respect to 0 . 
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Set E{z) := The map ^ induced by Ti via E o ip^ o Sr is univalent in 

a neighborhood of 0, and extends to 0 univalently, i.e., ^(0) = 0, ^'(0) ^ 0. 
The multiplier /i = ^'(0) is independent of the construction, by Lemma [5.21 
Observe that according to this construction, E o o Sr is 

• univalent with respect to z, and 

• holomorphic with respect to jS 

in their domains of dehnition. Hence /i is a holomorphic function of the 

_ 27ri 

parameter j3. As we have already obtained that /i coincides with e on 
the set {/3; Re/3 7^ 0}, by the analytic continuation, we conclude that 

_ 27ri 

/i = e P everywhere. This completes the proof. □ 

Now we give the application of Theorem 15.41 which we mentioned earlier. 
We will work on the form given by ([T]). 

Proposition 5.5. Under the hypothesis of Theorem and after suitable 
normalizations of cp'fl, the multiplier of the fixed point 0 of each map in the 
holomorphic family given by (Q]/ is equal to e~~^, where B := B{a) = 

Proof. Recall ReR <0. Set Tb{z) := z + B, and let ipf be the inverse of 0“. 
The map TeoiL“ is a "Deck transformation" for "0“, i.e., iff oTsoHf = 0“, 
which can be seen as follows: 

oTsoBf = 00 o Ts o 0+ o 00 

= 

= ^a- 

Possibly changing the normalization of 00 say, by a translation depending 
holomorphically on a, we can suppose that Hf{z) = z + o(l), and hence 
Tb o Hf{z) = z + B + 0(1) (compare ([8])). 

Take a point zq (with sufficiently large imaginary part) in the domain of 
Tb o R0, and obtain the region TZ as explained in Subsection 15.11 Consid¬ 
ering the identities 00 o Ti = /^ o 00 and 00 o Tb o Hf = ipp., we see that 
00 takes the role of the projection a o vr, and fa takes the role of the uni¬ 
valent map 0 locally in the abstract model construction {zo, TZ, tt, C, a, 0). So 
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by Theorem 15.41 we conclude that the multiplier of the hxed point 0 in the 
dynamics of fa is equal to e““. □ 

Finally we prove Theorem 15.11 

of Theorem \5.1[ In an open sector A as given in (E]), the multiplier map is 
univalent by Proposition 13.21 . and is equal to e ^ by Proposition 15.51 This 
implies, B is also univalent with respect to A in A, and hence with respect 
to a in A. □ 



a-parameter plane /^A-parameter plane 5-parameter plane 
Figure 5: Correspondence of the parameter planes. 

Concluding this section, we would like to point out that as 5 is a univalent 
map with respect to a in some open sector, we can assign B as the new 
parameter by setting a = a{B) (see Figure [5]). With this in mind, we are 
ready to prove Main Theorem. 


6 Proof 

The main two tools in the proof are the holomorphic motion and the (Douady)- 
Fatou coordinates. We use the new parameter B = which we have 

studied in the previous section. We denote by 7a[t,t + 1], the fundamen¬ 
tal segment with endpoints 7a(t) and 7a(f -|- 1) on a hxed ray 7a, and by 
[7a(t),7a(t + 1)], the line segment with endpoints 7a(t) and 7a(t -|- 1). 

Consider the holomorphic family of holomorphic maps {fa}a£ 0 {ao,r) as was 
stated in Section[2l Suppose the forward invariant curve ■yao ■ (~oO) 'T) C, 
T G (— cxo, cx)] lands at the parabolic hxed point Zq. Obviously 7ao lands 
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through the repelling petal hi”. The Fatou coordinate 0“^ maps 7^^ fl hi” 
to a 1-periodic ray in the Fatou coordinate plane. We extend this curve 1- 
periodically to —00 and +cxo, and denote the extension by jao- 

Let A be an open central sector with corner point at oq, on which the Douady- 
Fatou coordinates are well defined and moreover for all a G A, a i-)- B{a) is 
univalent. Existence of such sector is guaranteed by Theorem 15.II By central 
sector, we mean that the corresponding sector p(A) contains an arc of the 
unit circle S (see Figure [5]). Notice that p(A) fl § is the set of points which 
correspond to real B values. Recall that 0“ 00, on compact subsets of the 

repelling petal hi” (and 0+ 0+ on compact subsets of the parabolic basin). 

Let H : lD)(ao,(5) x 7aQ[T, T) —?■ C be the holomorphic motion as was given 
in the statement of Main Theorem. Given T' < T, we may assume that H 
extends equivariantly to D(ao, (5i) x 7ao[7"', T), for some (5i < S, by using the 
dynamics. Suppose t' G M, such that f + 1 < T, 'jao[t',t' + 2] C G”, and 
H : D(ao, (5i) x 7ao[^^ T) —t C is an equivariant extension. Possibly reducing 
5i to ^2, we can assume that 

K := IJ iL(a,7aJt',F +2]) = i7(©K;^,7,Jf',F+ 2]) CG-, 

a€!D)(ao,52) 

by continuity of the holomorphic motion. 

By a further reduction of ^2 to 0 < 5 ^ < 62, we can assume that K is 
contained in the domain of the outgoing Douady-Fatou coordinate cj)~ for 
a G As := Anro(ao,53)- For a G A 3 , cf)- sends 7„[t',F + 2] to 00(7^0', F + 2]), 
which extends 1-periodically to —00 (and also to +00). Denote this extension 
by 7a (see Figure [H]). 

Lemma 6.1. There exists an isotopy of curves 

X : A3 X [t', + 1] X [0,1] X [0,1] -)■ C 

(a, f", s,f) X(a, 


such that 


X(a,F',0,[0,l]) = 7ar,t" + l], 
X(a,F',l,[0,l]) = [7a(t"),7a(t" + l)], 
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Figure 6: Projection of the rays in the (Douady)-Fatou Coordinates. 


relative to endpoints 'jait") and + !)■ Moreover, this isotopy depends 
continuously on the parameter a and the potential t". 

Proof. Take a horizontal line C := M. + iy such that £ fl % = 0 (take y 
large enough so that C does not depend on the parameter). Denote by D, 
the domain bounded by C from above and by 7^ from below. Since D is 
simply connected, by the Uniformization Theorem, there exists a conformal 
map <Fa : iS — )■ D from the horizontal strip S := {z] 0 < Im^; < 1} to D. 

Moreover, since dQ is a Jordan curve, extends continuously to dQ. We 
dehne an isotopy of curves as the following: 

I{a,t",S,t) := ^a(is + + t))'^ +7a(^") + 

In particular, X(a,f",0,f) = 7a(£' + 1) and X(a,t",0,0) = ja(t"). It is clear 
that X is continuous with respect to t", since 7^ is a continuous curve. 
Moreover X is continuous with respect to a in A 3 . It is because the uni- 
formizing parameter and 7^ are continuous with respect to the param¬ 
eter. The continuity of comes from the fact that -|- 2] <Z K is 
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contained in the domain of the outgoing Douady-Fatou coordinate cj)~. So 
+ 2 ] = 0 “( 7 a[F,t' + 2 ]) is well-defined and depends continuously on 
the parameter a G A 3 . □ 

Remark 6.2. Since A 3 , [F,F -|- 1], [0,1] are compact, and X is continuous 
in (a, f", s,f), then C = X(A 3 x [t',t' -|- 1 ] x [0,1] x [0,1]) is also compact. 
If C is not contained in 0“ (11“), possibly reducing 63 to ^ 4 , and using the 
Ti-equivariance of X, i.e., 

X(a, t" — 1, s, t) = X(a, t" , s, t) — 1, 

we can assume C — n C. Finally, if C* — n is not in the domain of 

00 = (00)“^ for a G A 4 := AnD(ao, ^ 4 ), with a further reduction ^5 from ^ 4 , 
we can assume that C* — n is in the domain of 00 for a G A 5 = A nD(ao, ^ 5 ), 
and H : D(ao, ^ 5 ) x 7^3 \t' — n^'T] is an equivariant extension. For a G A 5 and 
t” G [f - n,t' - n + 1], denote by Ca,t", the restriction X|{a}x{i"}x[o,i]x[o,i]- 

of Main Theorem - Conclusion. For a G A 5 , let jao and % denote the ex¬ 
tensions of 00^ ( 7 aQ[ 0 , T)) fill” and 00 ( 7 a[ 0 ,0-l- 2 ]), respectively. Recall that 
B = (j)~ — (j)f is constant for fixed a. Moreover, for the choice of normaliza¬ 
tions of 0 ^ so that Hf{z) = z + o(l), R = 00 — 0 + is univalent with respect 
to the parameter a G A (see Section [5]). So we can write a = a{B). In order 
to fix normalization completely, in addition, we shall suppose B := 00(s(a)) 
(then 0 +(s(a)) = 0 , by the choice of normalization). 

By the continuity of ^a{t") on the parameter at Oq (see Lemma 16.ip . we 
can define 

e:= sup _|7a(0-7ao(^")l- ( 20 ) 

t" ^[t'—n,t'—n-\-l],a^As 

Choose to with the property that, for all f < to- 

7 ao(t) G ^(As) and ^^(^^(t), ^^(As)) > e. 

We want to compare 7 a(t) and B. Consider the following identity: 

7 „(t) - B = - 7ao(^)) + “ -B) • (21) 

First we will show that whenever a G A 5 , then 

|7a(t)-7ao(^)l < e. (22) 
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Let k be the natural number such that t + fc := t" G \t' — n,t' — n + V\. By 
1 -periodicity, 

la{t) + k = ^a{t +k) = 7a(t"), 

and so 

7a (i) - 7ao(^) = 7a (^") “ 7ao (^") • 

Therefore (j20l) implies (j22l) . 

Set Bq := 7 ao(^), and define holomorphic functions of B in B{A^), 

6(5) := 7a(B)(6-0a(B)(5(«(5))) and 
6(5) := Bo-B. 

The map 6 is a holomorphic function of B because the Douady-Fatou coordi¬ 
nates and the singular value depends holomorphically on the parameter a in 
As, and hence on the parameter B in B^A^). Obviously 6 is a holomorphic 
map of -B. In terms of 6 and 6 ; 1|2T1) can be written as 

6(B)= (%(*)-7<„w)+6(B). 


This yields by (1221) 


16(5)-6(5)1 <e fori?e5(A5). 

For B G §>{BQ,e) := dlD){BQ,e), |6(5)| = e. Since 6 has one simple zero 
at Bq, 6 has a single simple zero in D(i?o,e) by Rouche’s Theorem (see 
Figure [7]). This means, in ©(RoT); there exists a unique parameter B', 
which satisfies 

<(’7(s')(s(«(5'))) 

Set a' := a{B'). We claim that 7 ^/ has a unique /^/-invariant extension until 
it hits the singular value s(a'), and that 

s(a') = 7a'(6- 


We use the fact that the fundamental segment 7 a'[ 6,6 -|- 1] and the line 
segment + 1 )] are isotopic relative to endpoints 7 a'( 6 ) and 
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Figure 7: i?-plane. 


+ !)• This result is given by Lemma 16.11 Moreover, the line seg¬ 
ment I = [0a/(s(a')), 7a'(F0] is contained in the domain of the Douady-Fatou 
parameter -0^ = (00)“^. So I := '0^(/) is well defined and is a simple fa>- 
invariant curve which connects s{a') and 7 a/(f"). On the other hand, the 
isotopy of curves Ca',t" maps to an isotopy of curves by 00 in the dynamical 
plane for fa>. By pulling back 'ip~i{[ja'{t"),^a'(t" + 1)]) n times we reach s(a'). 

Note that 00 ([ 7 a'(f"), 7 a 0 f"-|-l)]) is in the same isotopy class as 00(7a'[t^^ t''+ 
1]) = + 1] relative to the set Uril /a'(®(® 0 )- ^^5 pulling back 

-|- 1] under fa' n times, we reach s{a') as well. This gives us a well- 
defined extension of 7 ^' until it hits s(a'). In other words, the singular value 
s{a') is on the invariant curve 7 a' at potential t. 

This relation induces a map F which assigns to each potential, a unique 
parameter. More precisely, F : (— 00 , to] A 5 , so that writing a' = T{t) 
then s(a') = 7 a'(^)- 

Now we will show that F forms a curve. The map 



is continuous with respect to t. Since a{B{t)) = F(f), then F is a continuous 
curve, as it is parametrized by the continuous curve (—cxo,to]- 
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Finally we show that T(t) lands at qq. As t —)■ —oo, 7 ao(^) —t zq, and 
7 a —oo. This implies 7a(^) = B = (j)~{s{a)) —oo, and equivalently 
a —)■ oq. Hence we obtain as t ^ —oo, T(t) —)■ qq. Therefore we conclude 
that the curve T lands at the parabolic parameter oq. This completes the 
proof. 

□ 

7 Application: On parameter rays for families 
of transcendental entire maps 


We denote by B the class of transcendental entire maps with bounded singular 
set, of hnite order, or hnite composition of such maps. Existence of dynamic 
ray structure is proved in [10] for this class of maps. The following converse 
landing theorem is useful to fulhll the hypothesis of the transcendental entire 
version of Main Theorem. 

Theorem 7.1. (Benini-Fagella, /T] Cor 7.1]) Let f ^ B, and assume all 
periodic rays land. If zq is a parabolic point, then in each repelling petal there 
exists at least one periodic dynamic ray landing at Zq. 

Dehne the set of singular values oi f C B, denoted by iS ;= S{f), as the 
union of its critical values, its asymptotic values (i.e. values a G C for which 
there exists a curve tending to inhnity whose image lands at a), and their 
accumulation points. Dehne the post-singular set by 

p = U 

n>0 

The following theorem is the main result of |1], which states a landing theo¬ 
rem in dynamical spaces. 

Theorem 7.2. For f & B with bounded post-singular set V, all periodic 
dynamic rays land, and the landing points are either repelling or parabolic 
periodic points. 

So, for maps in the class B with bounded post-singular set, all parabolic 
points are landing points of periodic dynamic rays by Theorem 17.11 together 
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with Theorem 17.21 We will restrict our work to this type of maps. 

Now consider a one parameter holomorphic family {/a}aeM of entire maps of 
class B. We denote a dynamic ray given by some external address s in the 
dynamical plane for /„ by g^. 

Suppose 

• For oo G M, fa^ has bounded post-singular set, 

• fao has a nondegenerate and nonpersistent parabolic fixed point at zq 
with multiplier 1, 

• the fixed ray landing at the parabolic fixed point zo (see Theorem 
17.2p does not contain a critical point. 

• there exists r, R > 0, such that for all a G 0 ( 00 ,?"), fa has exactly one 
singular value s{a) in ©(zq, R) which depends holomorphically on a, 
and 

• the attracting petal of the parabolic fixed point zq contains only s(ao) 
of all singular values (if there are more). 

Theorem 7.3. (A converse landing theorem for fixed parameter rays) In the 
setting above, there exists a simple bounded curve Gs{—oo,to\ C, to < 00 
in the parameter plane, which consists of parameters with the property that 
for a = Gs(t), there exists a fixed ray g^ with s(a) = 5'“(t). Moreover, G^ 
lands at Qq. 

We remind again that we state the theorem for fixed dynamics rays, which 
we can also apply for the gth iterate of a g-periodic ray, as mentioned in 
Introduction section. 

Proof. By Proposition 11.11 there exists a neighborhood hi of Oq in the pa¬ 
rameter plane, and a holomorphic motion H of [T, 00 ) for large potentials 
T > 0, which is parametrized over hi. Hence all the assumptions of Main 
Theorem are fulfilled. Thus, for the parabolic parameter oq and the dynamic 
ray there exists a curve G, which consists of the parameter values a, 
for which in the dynamical plane for fa, the singular value s{a) is on the 
fixed ray := H{a,g^°). For such curve G, we can use the notation G^ in 
order to indicate the relation with Moreover hm 4 ^_oo GJf) = Oq is also 
guaranteed by Main Theorem. □ 
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